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WATER-WAVE PROBLEM

Cn gravity/gravity-capillary waves
m three-dimensional inviscid fluid layer
B constant density
m gravity/gravity and surface tension

m jrrotational flow



WATER-WAVE PROBLEM

‘y=h+n(x,z,t)‘

,/ (free surface)
0

\ (flat bottom)

L Domain

D, = {(x,y,2z) : x,z€ R, y € (0,h+n(x,z,t))}

m depth at rest h



EULER EQUATIONS
G Laplace’s equation
¢)xx + ¢)yy + ¢ZZ =0 in Dn

- boundary conditions
¢y = 0 ony=0

Ne = Gy —NMxPx — NP, ony =h+n
1 5 2 2 i
¢t = _5(¢x+¢)y+¢z)_gn+;’c Ony=h+n

m velocity potential ¢; free surface h+n

B mean curvature K = U + 1z
Vit | [V |
m parameters p, g, o, h




EULER EQUATIONS

Cn moving coordinate system, speed —c
# dimensionless variables

m characteristic length h

B characteristic velocity ¢

q parameters

B jnverse square of the Froude number |« = —

o
" phc?

u Weber number | 3




EULER EQUATIONS

¢xx+¢yy+¢zz=0 for 0<y<1+n
¢y="7t+nx+nx¢7x+’rlz¢z on y=1+4n
betdeti(2+ 07 +02) +an—BK=0 on y=1+n




EULER EQUATIONS

¢xx+¢yy+¢zz=0 for 0<y<1-|—17
¢y="7t+nx+nx¢x+’rlz¢z on y=1+4n
betdeti(2+ 07 +02) +an—BK=0 on y=1+n

L difficulties

® variable domain (free surface)

® nonlinear boundary conditions
Cn very rich dynamics

B symmetries, Hamiltonian structures

® many particular solutions




Focus on ...

Q TRAVELING PERIODIC 2D WAVES //////

Q TRANSVERSE STABILITY/INSTABILITY
q ANALYTICAL RESULTS

q LONG-WAVE MODELS



TWO-DIMENSIONAL PERIODIC WAVES

~~ exist in different parameter regimes

[PV i e
D



TWO-DIMENSIONAL PERIODIC WAVES

~~ transverse (in)stability

=y

W= b o oo



LARGE SURFACE TENSION

L transverse linear instability

® fongitudinal co-periodic perturbations

m transverse periodic perturbations

& Euler equations
[H., 2015]




TRANSVERSE INSTABILITY PROBLEM

& Transverse spatial dynamics

(U, = DU, + F(U)|

m U(x, z,t), D linear operator, F nonlinear map

m a periodic wave U.(x) is an equilibrium

111K



TRANSVERSE LINEAR INSTABILITY

[ Transverse spatial dynamics

U, = DU, + F(U)

U.(x) is transversely linearly unstable if the linearized system

(U, =DU, + LU|, |£=F(U.)

possesses a solution of the form | U(x, z, t) = e V) (x, z)
with A € C, ReX\ > 0, V) bounded function.




HYPOTHESES

© the system | U, = DU, + F(U) |is reversible/Hamiltonian;

@ the linear operator | L = F’(U,) | possesses a pair of

simple purely imaginary eigenvalues tix,;

© the operators D and L are closed in X with D(L£) C D(D);




MAIN RESULT

THEOREM

@ For any A € R sufficiently small, the linearized system

(U, =DU; + LU|

possesses a solution of the form

U(-,z,t) = eMVy(-, 2)

with Vx(-, z) € D(L) a periodic function in z.

® U. is transversely linearly unstable.

[Godey, 2016; see also Rousset & Tzvetkov, 2010]




EULER EQUATIONS

[ Hamiltonian formulation of the 3D problem:

(U, = DU, + F(U)|

® boundary conditions

|6y = b(U): +g(U)| on y=0,1

(e.g. [Groves, H., Sun, 2002])



PERIODIC WAVES

1
/6>§7

a=1+¢€| € small

model: Kadomtsev-Petviashvili-l equation ~~ instability

[H.; Johnson & Zumbrun; Hakkaev, Stanislavova & Stefanov, ...

1
050U :8X8X(8fu +u+

§u2)—8§u

]




1
IB>§7

a=1+¢€

PERIODIC WAVES

, € small

model: Kadomtsev-Petviashvili-l equation ~~ instability

1
050U :8X8X(5§u +u+ §u2)—8§u

[H.; Johnson & Zumbrun; Hakkaev, Stanislavova & Stefanoyv, ...]

B The Euler equations possess a one-parameter family of

symmetric periodic waves

[71e0(x) = pale*,€)s @ealx) = €/2au(cx, )

Pa(€,0) = 0¢qa(&,0), pa(&,0) satisfies the Korteweg de

Vries equation

[Kirchgassner, 1989]



LINEARIZED SYSTEM

[ linearized system (rescaled)

|U. = D.U; + DF.(u,)U|

® boundary conditions

| ¢y =Db.(u,)U; + Dg.(u,)U| on y=0,1




LINEARIZED SYSTEM

[ linearized system (rescaled)

|U. = D.U; + DF.(u,)U|

® boundary conditions

| ¢y =Db.(u,)U; + Dg.(u,)U| on y=0,1

L linear operator | L. := DF_(u,)

® boundary conditions

|6y = Dg(u)U| on y=0,1

® space of symmetric functions (x — —x)

X, = HX(0,27) x L2(0,27) x H:((0,27) x (0,1)) x L2((0,27) x (0, 1))
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CHECK HYPOTHESES ...

MAIN DIFFICULTY: SPECTRUM OF L. ...

Cn operator with compact resolvent —— pure point spectrum

Cn spectral analysis

| [z
—-[W=A
s [=e]




KEY STEP

Reduction to a scalar operator B, in L2(0,27)

mscaling| A =¢l, w=e&, ¢=¢f

m decomposition ‘ d(x,y) = P1(x) + d2(x, y) ‘

[ eigenvalue iff

1
Be,e¢1 = </6 - §> k:¢1xxxx - k§¢1xx + £2(1 + 6)(bl - 3k§(Pa¢1x)x + ...
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LOCATE EIGENVALUES

Ca two simple eigenvalues tick,

m B, . small relatively bounded perturbation of By ,

Bo, = k29 Ad, + £2

1
A= (ﬁ—g) k29 — 1 — 3P,




LOCATE EIGENVALUES

L two simple eigenvalues tiek,

m B, . small relatively bounded perturbation of By ,

1
Boe = k20, A8, + 2| |A= (,@ — 5) k29 — 1 — 3P,

m spectrum of 9,49, is known (KP-I):
2

one simple negative eigenvalue —w?

® perturbation arguments ... ...



CRITICAL SURFACE TENSION

L transverse linear instability

® fongitudinal co-periodic perturbations

m transverse periodic perturbations

C 5th order KP model
[H. & Wahlén, 2017]




A 5TH ORDER KP MODEL

1
d;Oxu = 92 (aju + 8%u + §u2> +dlu

Cn traveling generalized solitary waves

/N

m solutions of the Kawahara equation

2

1
Oru = O (Bfu + 8fu — cu + —u2)




PERIODIC TRAVELING WAVES

L small periodic traveling waves: a two-parameter family

Qoa,c(x) = pa,c(ka,cx)

m depend analytically upon (a, ¢) € (—ao, a0) x (—co, o)

ka.c = ko(c) + ck(a, c),

1/2 ~ ~
ko(e) = ()2 K(a ) = 5 ,mp Ran(0)2"

® p,c(z) = accos(z) + ¢, , Prm(c)el(nmmzgntm,

(n,m>0,n+m>2,n—m# +1)

explicit Taylor expansions for k(a, c), Pn.m(C)

[Lombardi, 2000]



TRANSVERSE INSTABILITY PROBLEM

[ one-dimensional periodic wave u,

C u, is transversely linearly unstable if the linearized equation

0:Oxu = 9% (8%u + 8%u — cu + u.u)+ 9%u
x X X y

possesses a solution of the form |u(t, x,y) = e tv(x,y)|,

for some ReA >0

(v belongs to the set of the allowed perturbations)



TRANSVERSE INSTABILITY PROBLEM

[ linearized equation

0:0xu = A, u + 8§u ,

m Fourier transform in y

Ao=02(0+02 —c+u)

0:0xu = A,.u — wzu‘




TRANSVERSE INSTABILITY PROBLEM

[ linearized equation

Oedyu = A,u+02ul, | A, =92 (8} + 82— c+u.)

m Fourier transform in y

‘Eh@xu = A.u— wzu‘

a u, is transversely unstable if there exists a solution of the
form | u(t,x) = e*v(x) | for some Re A > 0, and w € R*

®m v € H, a space of functions depending upon the longitudinal
spatial variable x, e.g., H = L?(R) or H = L%(0, L), and

‘)\axvz.A*v—wzv‘




TRANSVERSE INSTABILITY PROBLEM

Ll for some ‘ ReA > 0and w € R* ‘ there exists a solution

A3XV=A*v—w2v, vEH

m u, is transversely spectrally unstable if the linear operator
A0, — A, + w? is not invertible in H

u, is transversely spectrally unstable if the spectrum of
the linear operator Adx — A, contains a negative value

—w? < 0 for some Re A > 0.




TRANSVERSE INSTABILITY PROBLEM

u, is transversely spectrally unstable if the spectrum
of the linear operator A9y — A, contains a negative value

—w? < 0 for some Re A > 0.

m if —w? is an isolated eigenvalue then u, is transversely

linearly unstable

m if —w? belongs to the essential spectrum
Oess(AOx—Ay) = {v € C; \dx—A,—v is not Fredholm with index 0}

then wy is transversely essentially unstable




PERIODIC WAVES

L small periodic waves: |, c(x) = pa,c(ka,cX)

® scaling: z = k;cx, A= kscN\

L rescaled operator

NO, — Bac, Bac= 0%k} 0%+ k2 92 — ¢+ pac)

a,c”z a,c-z

with 27-periodic coefficients



CO-PERIODIC PERTURBATIONS

Ao, — Ba,ca Ba,c = 8§(k4 o? + k> 8% — ¢ + pa,c)

a,c z a,c z

closed operator in H = L?(0, 27)

THEOREM
© the linear operator NO, — B, ¢ acting in L2(0,27) has a
simple negative eigenvalue.

@® the periodic wave @, ¢ is transversely linearly unstable

with respect to co-periodic longitudinal perturbations.




Proor

N3, — Bacy, Bac=d*(k2 0%+ k2 8% — c+ pac)

a,c oz a,c oz

[ show that Ba,c has a simple positive eigenvalue

B the operator A9, — B, ¢ is real
B perturbation argument: the negative eigenvalue of —1B, ¢

persists for small real A

L (point) spectrum of B, .?



Proor

Spectrum of | B, . = 92(k? 9% + k2 32 — ¢ + pa,c)

a,c z a,c z

use perturbation arguments: small a and ¢



Proor

Spectrum of | B, . = Bf(k4 * +k? 8% —c+ Pa,c)

a,c z a,c z

use perturbation arguments: small a and ¢

-
Boo =02 (92 +82), o(Bog) = {—n(n* —n?), n €2}
m 0 is a triple eigenvalue

® all other eigenvalues are negative



Proor

Spectrum of | B, . = Bf(k4 * +k? 8% —c+ Pa,c)

a,c z a,c z

use perturbation arguments: small a and ¢

-
Boo =02 (92 +82), o(Bog) = {—n(n* —n?), n €2}
m 0 is a triple eigenvalue

® all other eigenvalues are negative
C spectral decomposition for small @ and ¢
0 (Ba,c) = 01(Ba,c) U 02(Ba,c)

® 01(Ba,c) C V, V neighborhood of 0
B 03(Bac) C{veC; Rev < —m}



Proor

Spectrum of B, . = Bf(k4 O+ k2 0% —c+pac)l

a,c z a,c z

locate the small eigenvalues



Proor

Spectrum of (B, . = Bf(k4 o+ k2 9% —c+ Pac) |

a,c z a,c z

locate the small eigenvalues
b
o(Bo,c) = {—nz(kgn4 — kgn2 —c), neZ}
m 0 is a triple eigenvalue

® all other eigenvalues are negative



Proor

Spectrum of (B, . = Bf(k4 o+ k2 9% —c+ Pac) |

a,c z a,c z

locate the small eigenvalues
b
o(Bo,c) = {—nz(kgn4 — kgn2 —c), neZ}
m 0 is a triple eigenvalue

® all other eigenvalues are negative

w270

® use symmetries and show that 0 is a double eigenvalue

® third eigenvalue: compute an expansion for small a, ...

1
2 2 2 2
cee ac = (0] 0
Va, ac<4X2+ (a +c)>>



CONSEQUENCES

Cn implies essential transverse instability of periodic waves

with respect to localize perturbations

G implies essential transverse instability of generalized

solitary waves with respect to localize perturbations

[ extend to Euler equations ...?



ZERO SURFACE TENSION

L transverse spectral stability

m fully localized/bounded perturbations

L KP-lI equation
[H., Li, & Pelinovsky, 2017]




COUNT UNSTABLE EIGENVALUES

[ Hamiltonian structure: linear operator of the form

m 7 skew-adjoint operator

m L self-adjoint operator

[ Under suitable conditions:

‘ ny(J L) < ns(L) ‘

® n,(J L) = number of unstable eigenvalues of JL

B ng(L) = number of negative eigenvalues of £

[well-known result, extensively used in stability problems ...]

[does not work very well for periodic waves ... ]



AN EXTENDED EIGENVALUE COUNT

[ Hamiltonian structure: linear operator of the form

m 7 skew-adjoint operator

m L self-adjoint operator

(B There exists a self-adjoint operator IC such that

(TL)NIK) = (TK)(ITL)|

C Under suitable conditions:

‘n,,(jﬁ) < ng(K) ‘

® n,(J L) = number of unstable eigenvalues of JL

B ng(K) = number of negative eigenvalues of I




STABILITY OF PERIODIC WAVES

[ classical result: allows to show (orbital) stability of periodic

waves with respect to co-periodic perturbations

S particular case ng(KC) = 0: used to show nonlinear (orbital)
stability of periodic waves with respect to subharmonic
perturbations (for the KdV and NLS equations)

[Deconinck, Kapitula, 2010; Gallay, Pelinovsky, 2015]




STABILITY OF PERIODIC WAVES

[ classical result: allows to show (orbital) stability of periodic

waves with respect to co-periodic perturbations

S particular case ng(KC) = 0: used to show nonlinear (orbital)
stability of periodic waves with respect to subharmonic
perturbations (for the KdV and NLS equations)

[Deconinck, Kapitula, 2010; Gallay, Pelinovsky, 2015]

i key step: construction of a nonnegative operator /C

m relies upon the existence of a conserved higher-order energy

functional (due to integrability)



KP-II EQUATION

[ Kadomtsev-Petviashivili equation

(ut + 6buu, + uxxx)x + uy,, = 0

G one-parameter family of one-dimensional periodic

traveling waves (up to symmetries)

u(x, 1) = pe(x +ct) |

m speed c > 1
m 27-periodic, even profile ¢, satisfying the KAV equation

v’ (x) + cv(x) + 3v3(x) = 0

m known explicitly!



LINEARIZED EQUATION

L linearized KP-II equation

(Wt + Wyxx + cwy + 6(¢C(X)W)X)X + Wyy = 0

m 27-periodic coefficients in x

® Ansatz

W(X,y, t) = eMtiry W(X), AeC,peR

[ linearized equation for W/(x)

AWy + Wixx + cWix + 6(¢C(X) W)xx - pZW =0




SPECTRAL STABILITY PROBLEM

[ linearized equation for W (x)

)\Wx + Wxxxx + CWxx + 6(¢c(x) W)xx - p2W = 0

L the periodic wave ¢ is spectrally stable iff the linear

operator

Acp(N) = A0y + 82 + 2 + 602 (¢c(x) ) — p?

is invertible for Re A > 0.
m 2D bounded perturbations: space Cp(R) and p € R.

B continuous spectrum ...



FLOQUET/BLOCH DECOMPOSITION

Cn Ac p(A) is invertible in Cp(R) iff the operators

[Acp(07) = A@s + 1) + (B + 1) + €(Ds + 1) + 6(3x + i) (9e(x) ) — p°

are invertible in L2_ (0, 27), for any v € [0, 1).

per

m | v € (0,1) | study the spectrum of the operator

| Bew(r) = —(3: + )’ — c(@s + i7) — 6(3x + i) ($e(x) ) + P (B + i)~

] : restrict to functions with zero mean



COUNTING CRITERION

Cn apply the counting criterion to
Bep(Y) = T(Y)Lep(r)

m skew-adjoint operator ‘ TJ() = (0« +iv) ‘

m self-adjoint operator

Lep(y) =—(0x + '.7)2 — ¢ —6oc(x) + Pz(ax + '-7)—2

[l construct positive commuting operators | KC. ,(7)

m find commuting operators M ,(7)
® show that suitable linear combination of M p() and

Lec.p(7) is a positive operator



COMMUTING OPERATORS

[ natural candidate: use a higher-order conserved functional

m resulting operator satisfies the commutativity relation

B cannot obtain positive operators ...




COMMUTING OPERATORS

[ natural candidate: use a higher-order conserved functional

m resulting operator satisfies the commutativity relation

B cannot obtain positive operators ...

& second option: use the operators from the KdV equation
m p = 0 corresponds to the KdV equation
® decompose:

Lep = Lxav + p°Lxp, Mcp = Mxkav + pP>Mxkp

B Mkgqv is obtained from a higher order conserved functional:
Miav = 87 + 100,¢c(x)dx — 10c¢c(x) — ¢

B compute Mxkp directly from the commutativity relation:

5
Mue = 3 (1+ cd;?)




MAIN RESULT

[ Transverse spectral stability of periodic waves (with
respect to bounded perturbations):

m there exist constants b such that the operators
‘Kc,p,b('y) = Mcp(v) — bLcp(7) ‘ are positive!

® the commutativity relation holds

® the general counting criterion implies that the spectra of

‘Bc,p(’)’) =T (V) Lecp(V) ‘ are purely imaginary




MAIN RESULT

[ Transverse spectral stability of periodic waves (with
respect to bounded perturbations):

m there exist constants b such that the operators
‘Kc,p,b('y) = Mcp(v) — bLcp(7) ‘ are positive!

® the commutativity relation holds

m the general counting criterion implies that the spectra of

‘Bc,p(’)’) =T (V) Lecp(V) ‘ are purely imaginary

Cn Consequence: transverse linear stability of the periodic

waves with respect to doubly periodic perturbations



MANY OPEN PROBLEMS ...

e water waves: other parameter regimes, other types of waves

(solitary waves, three-dimensional waves) . ..

e periodic waves: nonlinear stability with respect to localized

perturbations (KdV equation?) ...
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